The Joy of Taylor’s Series


From yesterday’s investigation, we discovered that there are 3 power series (polynomials) that approximate our favorite transcendental functions!

Let’s review:  We know that 
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 and are looking for a relationship between ex, cos (x) = 1 - x2/2! + x4/4! – x6/6! + …, and sin (x) = x – x3/3! + x5/5! – x7/7! + …,.
Since the approximation for cos (x) = 1 - x2/2! + x4/4! – x6/6! + …, it was suggested that we find cos (xi) because that will change the signs of all terms that have exponents that are powers of 2 but not 4.  Therefore:   

cos (ix) = 1 + x2/2! + x4/4! + x6/6! + …,
When we tried this with the approximation for sin (x) = x – x3/3! + x5/5! – x7/7! + …,

We ended up with sin (ix) = ix + ix3/3! + ix5/5! + ix7/7! + …, so we divided that equation by i to get:   

(sin (ix))/i = x + x3/3! + x5/5! + x7/7! + …
We then added cos (ix) + sin (ix))/i  = 1 + x + x2/2! + x3/3! + x4/4! + …, which is the approximation for ex .  (This is cool!)
Looking at cos (ix) + sin (ix))/i  = ex , we decided to let x = i( because we didn’t like the idea of taking the sine and cosine of an unreal number.  
This led to: cos (-() + sin (-())/i  = ei(.  
Using even/odd properties of trig functions, we got:  cos (() - sin (())/i  = ei(, and multiplying the sine term by i/i led to cos (() + isin (() = ei(, which, if we multiply by r yields: 
r(cos (() + isin (()) = rei(, 
and we know the left hand side of the equation is the polar form of the complex number a + bi.  We looked at our calculator to find that rei( is just another form of a complex number!  The homework was to “play” with this concept and here are some selected answers…
Selected answers to the Power Series Conclusion:
eix = cos x + isin x

so…

1. (Think polar first – plot the point, draw the triangle, find the radius and find the angle.)

A) 1 + i = 
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A)  Look at the right hand side of the equation:
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Now add these equations (or subtract them and see what happens…
5. Use the formulae above…

A)   cos (3i) = 
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F)  
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6.  
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  (Are you amazed that am imaginary number raised to an imaginary power is real? What property does this illustrate?) 
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